Abstract: A local fluctuation-dissipation theorem for the power delivered by a stochastic forcing is derived for Ornstein-Uhlenbeck processes driven by smooth, i. e. almost everywhere (a. e.)-differentiable stochastic perturbations (Poisson-Kac processes). An analytic expression for the probability density function of the fluctuational power is obtained in the large time limit. As these processes converge, in the Kac limit, toward classical Langevin equations driven by Wiener processes, a coarse-grained analysis of the statistical properties of the fluctuational work is developed.
Introduction
In recent years, a huge amount of scientific elaboration has been focused on the statistical properties of nonequilibrium systems [1, 2] , being them of deterministic (purely mechanical systems) or of stochastic nature (described by Langevin microdynamics) [3, 4] . Significant results have been obtained in the statistical characterization of the work performed by fluctuating forces in systems out of equilibrium (referred to as nonequilibrium fluctuation-dissipation theorems), and in the development of a rigorous thermodynamic description of complex/many-particle/stochastic systems far from equilibrium.
As regards stochastic systems, the prototypical model is the classical Ornstein-Uhlenbeck process
describing the motion of a particle possessing mass m and velocity v(t) under the action of a stochastic perturbation ð ffiffiffiffiffiffiffi ffi 2D v p dwðtÞÞ and of a resistive friction force proportional to velocity ( − ηv, η being the friction factor). In eq. (1), dw(t) is the infinitesimal increment of a Wiener process [5] , and D v is the "momentum diffusivity" that, when the condition of detailed balance holds, equals k B Tη [6] .
The work L Δt ðtÞ performed at time t over the interval Δt by the stochastic perturbation is given by
and is itself a stochastic process. In eq. (2), the work L Δt ðtÞ appears to be a stochastic Stieltjes integral of v(t) with respect to the increments of a Wiener process, and its definition depends on the choice of the stochastic calculus adopted (Ito, Stratonovich, etc.). As observed by Sekimoto [7, 8] , the Stratonovich calculus proves to be the natural choice in the thermodynamic/energetic analysis of stochastic processes, providing for the kinetic energy integral the classical Riemannian expression, namely
The seemingly purely technical problem of the choice of the most suitable stochastic calculus both in the definition of the stochastic equations of motion and of their energetic integrals derives from a more fundamental and deep issue, associated with the fractal nature of the model -a Wiener process -used for describing the stochastic perturbations in eq. (1) and ultimately from the unbounded propagation velocity characterizing Wiener-driven processes.
It is rather clear that modelling stochastic perturbations via Wiener processes implicitly implies and assumes a coarse-grained description of the stochastic (thermal) fluctuations acting on the system, wherein the contribution of a manifold of different small perturbations produces -enforcing a large-number ansatzjust the normally distributed effects characterizing the increments of a Wiener process.
Even though this approach is perfectly reasonable for colloidal systems at microscales, where the largenumber ansatz properly accounts for the superposition of many different, and seemingly uncorrelated, interactions with the surrounding (solvent molecules), there are sensibly relevant physical motivations pushing towards a generalization of this ansatz in order to encompass more general classes of stochastic processes that are consistent with fundamental physics (cf. with special relativity, i. e. with the physical constraint of a finite propagation velocity of any "ontologically" physical perturbation) and that reduce (converge) at larger timescales to classical Brownian motion as an emerging feature.
There are several basic reasons for this attempt: (i) modern experimental advances permit to analyse thermal and dissipation processes at very short timescales (attosecond physics) [9] , and in this range of timescales the coarsening ansatz implicitly assumed in the choice of Wiener processes, as a model for the interaction of a system with its environment, can no longer be acceptable; (ii) the attempt of describing the stochastic motion of particles subjected to electromagnetic fluctuations (zero-point fluctuations), such as in stochastic electrodynamics [10] , requires that the mathematical description of the stochastic perturbations should possess a finite propagation velocity, and therefore a local differentiable structure in time, which is in contrast with the properties of Wiener processes; (iii) the stochastic paradigm underlying extended thermodynamic models [11] is based on stochastic processes possessing finite propagation velocity, the Poisson-Kac processes and their generalization [12] . It is worth observing that the transport modelling of heat transfer at very short timescales is primarily based on hyperbolic Cattaneo-like models, which represent the prototypical class of constitutive equations in extended thermodynamic theories.
The scope of this article is therefore to introduce the stochastic energetics for simple stochastic processes analogous to eq. (1), where instead of dw(t), a differentiable model for the stochastic perturbations, possessing wave properties, is assumed. This model is indeed well known and is given by the family of Poisson-Kac processes and their generalization [12] . Consistent with the above-stated program, instead of eq. (1), we consider the corresponding KacOrnstein-Uhlenbeck (henceforth KOU, for short) process:
where χðtÞ is a Poisson process characterized by the transition rate a > 0 that controls the exponential probability density function (pdf) of the transition times τ for χðtÞ, p τ ðτÞ = a e − aτ , τ 2 ½0, ∞Þ, and b > 0.
Stochastic systems driven by Poisson noise, often referred by many authors to as dichotomous noise, have been studied in the literature [13, 14] , starting from the fundamental papers by Goldstein on persistent random walk [15] and by Kac on stochastic processes associated with the telegraphers' equation [16] .
In the limit for a, b ! ∞, keeping fixed the ratio b 2 =2a = D v , the KOU process converges towards eq. (1), in the meaning that its pdf satisfies the Fokker-Planck equation associated with eq. (1). Consequently, all the properties of eq. (1) can be viewed as emerging (long-term) properties of the simplest stochastic model (3), which possesses a finite propagation velocity and almost everywhere (a. e.)-differentiable trajectories. We clarify this statement in the remainder. As this article is the first contribution towards a thermodynamic analysis of stochastic processes driven by differentiable fluctuations, we limit the analysis to the most basic properties. A more detailed analysis will be developed in forthcoming articles. Specifically, we derive a local fluctuation-dissipation theorem for eq. (3) in terms of the pdf for the power exerted by the stochastic fluctuations, concept that is meaningless in the classical Wiener framework associated with eq. (1). Subsequently, we analyse how a coarse-grained description of the work performed by the stochastic fluctuations in eq. (3) matches the corresponding results obtained from eq. (1).
Setting of the problem
Let VðtÞ be the stochastic process at time t, the evolution of which is expressed by eq. (3) (so that vðtÞ represents a realization of it). The statistical characterization of the KOU model (3) is grounded on the partial probability densities p ± ðv, tÞ defined as
which satisfy the wave equations
where f + ðvÞ = − ðηv − bÞ=m and f − ðvÞ = − ðηv + bÞ=m. The quantities p ± ðv, tÞ are also referred to as partial probability waves. Since no bias is assumed, then p + ðv, 0Þ = p − ðv, 0Þ. From the structure of eq. (5) 
Local fluctuational power density
In the KOU process (3), the stochastic force is given by F stoc ðtÞ = bð − 1Þ χðtÞ . The main difference between eq.
(3) and the classical Ornstein-Uhlenbeck process (1) in the presence of a Wiener forcing is that the stochastic force in the KOU process is an a. e.-differentiable stochastic function of time (under the condition that a and b are finite), and consequently also the particle velocity is an a. e. smooth process. The work performed by the stochastic force in the interval ½0, tÞ is
where the integral appearing in eq. (6) is a classical Riemannian (albeit stochastic) integral. Therefore, a first simple but remarkable property of the KOU model (3) is that all the problems associated with the choice of the most suitable (and physically meaningful) representation of the stochastic integrals are overcome at once due to the local regularity of the stochastic processes considered. This property permits to define the instantaneous power λðtÞ = dL stoc ðtÞ=dt delivered by the stochastic perturbation as λðtÞ = bvðtÞð − 1Þ 
It is important to stress out that the local power defined in eq. (7) 
and consequently
which is the local representation of the fluctuation-dissipation theorem for KOU process connecting the fluctuational power density g λ ðλ, tÞ at time t to the partial probability waves p ± ðv, tÞ.
Let g *, λ ðλÞ be the stationary pdf, corresponding to the limit of g λ ðλ, tÞ for t ! ∞. Solving eq. (5) 
and
where A is a constant. The stationary pdf for the velocity fluctuations is thus given by
where P 0 is the normalization constant so that
Inserting eqs. (12)- (13) into the expression for the local fluctuation-dissipation theorem (10) one obtain the closed-form expression for g *, λ ðλÞ, namely
By definition, g *, λ ðλÞ admits compact support in the interval − λ * , λ 
A useful expression for classical Langevin processes
Before analysing the coarse-graining properties of the short-time energetics associated with the KOU process, it is convenient to review a useful result in the energetics of Wiener-driven processes, stemming from the relation between Meijer G-functions and Bessel functions [17] . Let y and z be two independent random variables normally distributed, possessing zero mean and unit variance, y, z 2 Nð0, 1Þ. Consider the product x = y z. The pdf p X (x) of the product of two normally distributed random variables can be expressed, enforcing a Mellin transform, in terms of a Meijer G-function, which in turn is equal to a Bessel function [17] :
where K 0 ðÁÞ is the modified Bessel function of third kind and order zero. Next, consider the Ornstein-Uhlenbeck process eq. (1) and use for it the classical Euler-Langevin discretization. Letting v n = vðnΔtÞ, it follows that v n + 1 = v n − ηv n Δt=m + ffiffiffiffiffiffiffiffi ffi 2 D u p Δt 1=2 r n =m, where r n 2 N ð0, 1Þ is a normally distributed random variable. The work L Δt performed by the stochastic fluctuations in the interval Δt is given by
where v n and r n are independent random variables. Under stationary condition, v n is also normally distributed (it attains a Maxwellian distribution) and, accounting for its variance, it follows that v n can be expressed as v n = ffiffiffiffiffiffiffiffiffiffiffiffiffiffi D v =ηm p z n , where z n 2 N ð0, 1Þ, i. e. it is normally distributed with zero mean and unit variance. Consequently, L Δt can be expressed, for small values of Δt, as the product of two independent random variables belonging to N (0, 1) times a factor α, i. e.
and enforcing eq. (15) it follows that its stationary g *, 
Coarse graining of KOU
As a final issue, let us connect the energetics of the KOU process driven by a. e.-differentiable fluctuations with that of the corresponding classical Ornstein-Uhlenbeck process. For KOU processes we expect to observe qualitatively and quantitatively similar statistical properties characterizing eq. (1) for the thermodynamic quantities evaluated over time intervals Δt that are sufficiently small in order to develop a local approximation, and sufficiently long compared with the characteristic time τ c = 1=a of the Poisson process χðtÞ, so that a large-number ansatz for the Poissonian fluctuations can be invoked. In other words, the coarsening of Poissonian fluctuations is the main reason why results similar to those characterizing the stochastic dynamics eq. (1) should be observed whenever Δt ) τ c .
For KOU processes, the infinitesimal amount of work performed by the stochastic forcing term can be written as dLðtÞ = vðtÞ dw P ðtÞ,
where w P ðtÞ = b Ð t 0 ð − 1Þ χðτÞ dτ. Let us define the finite increments of w P (t) over the time interval Δt as A coarse description of the KOU energetics can be obtained by approximating the fluctuational work over a time interval Δt as L Δt ðtÞ = vðtÞ Δw P ðt; ΔtÞ. 
which can be viewed as a Klimontovich coarse-grained formulation of L Δt ðtÞ. There is another coarse-grained strategy that could be adopted for defining the finite work of a KOU process over a finite but small interval Δt, namely to consider the sum of the power delivered by the stochastic Poissonian fluctuations during the interval Δt. This leads to consider the following definition of the average work L Δt ðtÞ h iperformed by the stochastic fluctuations over the interval Δt:
The statistics of such averaged quantity depends significantly on N and it is expected to be approximated by its Brownian counterpart eq. (18) for large a and N. This phenomenon is depicted in Figure 4 at Δt = 10 − 3 , b = 500 ðD v = 1Þ for different values of N. As N increases the pdf for the average work progressively approaches the corresponding one obtained from Ornstein-Uhlenbeck processes driven by Wiener perturbations.
Concluding remarks
This article represents the first contribution towards the thermodynamics and energetics of stochastic dynamical systems driven by a. e. smooth stochastic fluctuations (Poisson-Kac processes). Due to the space limitation, we have considered the main properties and their physical implications characterizing a. e. smooth fluctuations with respect to the traditional ones based on Langevin equation driven by Wiener processes. Essentially, the main qualitative difference is that the resulting stochastic processes (in the present case, particle velocity V (t)) are also a. e.-differentiable functions of time. Consequently, there is no problem in defining the relevant energetic integrals as the limit of classical Riemannian sums. Making use of Poisson-Kac processes all the problems and subtleties associated with the setting of stochastic integration theory blow up at once. As a consequence, it is possible to introduce the concept of power delivered by stochastic fluctuations (which is obviously meaningless in the framework of the Langevin-Wiener paradigm) to obtain a local fluctuation-dissipation theorem relating the pdf of the fluctuational power to the forward p + ðv, tÞ and backward p − ðv, tÞ partial waves. For timescales Δt ) τ c = 1=a, KOU processes possess the emerging qualitative statistical properties of systems driven by Brownian motion fluctuations, due to the Kac limit. In other terms, KOU processes represent a physically relevant bridge connecting nonequilibrium properties at very small timescales, when a coarsening of fluctuations can hardly be applied, up to much larger scales, at which the "large-number ansatz" of classical statistical mechanics holds true. The approach outlined in this paper can be extended to one-dimensional Poisson-Kac processes, where both bðv, tÞ and aðv, tÞ depend on time t and on v and to the generalized Poisson-Kac processes addressed in ref. [12] .
